The elastic scattering cross sections for a slow electron by C 2 and H 2 molecules have been calculated within the framework of the non-overlapping atomic potential model. For the amplitudes of the multiple electron scattering by a target the wave function of the molecular continuum is represented as a combination of a plane wave and two spherical waves generated by the centers of atomic spheres. This wave function obeys the Huygens-Fresnel principle according to which the electron wave scattering by a system of two centers is accompanied by generation of two spherical waves; their interaction creates a diffraction pattern far from the target. Each of the Huygens waves, in turn, is a superposition of the partial spherical waves with different orbital angular momenta l and their projections m. The amplitudes of these partial waves are defined by the corresponding phases of electron elastic scattering by an isolated atomic potential. In numerical calculations the s-and p-phase shifts are taken into account. So the number of interfering electron waves is equal to eight: two of which are the s-type waves and the remaining six waves are of the p-type with different m values. The calculation of the scattering amplitudes in closed form (rather than in the form of S-matrix expansion) is reduced to solving a system of eight inhomogeneous algebraic equations. The differential and total cross sections of electron scattering by fixed-in-space molecules and randomly oriented ones have been calculated as well. We conclude by discussing the special features of the S-matrix method for the case of arbitrary non-spherical potentials.
Introduction
The multiple scattering (MS) methodology is one of the most popular theoretical construction for calculating molecular continuum wave functions. The general ideas of this method were developed in paper [1] where "the multiple scattering technique for treating nonseparable eigenvalue problems with electron-scattering theory to construct continuum wave functions" was combined. The MS methodology [1] and its subsequent modifications [2] [3] [4] [5] [6] [7] [8] [9] are nowadays widely used to calculate the cross sections for electron elastic scattering by molecules and molecular photoionization. Originally the MS method was used in molecular physics to calculate bound state eigenvalues [10] . For the calculation of the bound state wave functions their normalization is evident. The situation with the continuum wave functions is quite different. A choice of their normalization, i.e. the asymptotic behavior of the wave functions, requires careful analysis. This is of great importance for the accuracy of any method of molecular continuum calculations, particularly when one deals with differential cross sections of fixed-in-space targets, because these cross sections are extremely sensitive to the asymptotic behavior of the wave function.
Within the framework of the approach [1] the potential of the multi-atomic system is represented as a cluster of non-overlapping spherical potentials centered on the atomic sites. In the space between the atomic spheres the potential is assumed to be a constant. This so-called muffin-tin potential (MTP) is the theoretical construction used in solid-state physics where the MTP covers all space. Therefore, there is no question about the potential behavior beyond the microscopic body [11] . However, for the molecular case the situation is quite different. MTP here is created by a finite number of atomic spheres; consequently it is impossible to neglect the existence of the molecular boundary. The adaptation of MTP for this case consists in introducing a molecular sphere [1, 2] that surrounds all atoms of the molecule. One of the general ideas of the methods [1] [2] [3] [4] [5] [6] [7] [8] [9] is based on an assumption that the radial parts of the electron wave functions outside the molecular sphere with radius R m can be represented as a linear combination of the regular and irregular solutions of the Schrödinger equation with the proviso that beyond the molecular sphere the potential "is taken to be spherical … about the molecular center" [1] . The molecular phases of scattering are defined by the matching conditions of the continuum wave function on the surfaces of the atomic and molecular spheres. In this scattering picture (see Fig. 1c in paper [12] ) the wave function beyond the molecular sphere is a sum of a plane wave plus a single spherical wave (SSW) emitted by the molecular center. Hence, in the method [1] the solution of the problem of electron scattering by a nonspherical potential is reduced to the usual S-method of the partial waves for a spherical target.
The general problem of multiple wave scattering by a system of scatterers was investigated long before appearance of the above mentioned papers. The review of these studies is given in Refs. [13] [14] [15] [16] [17] [18] [19] . A classical physical picture of wave scattering is based on the Huygens-Fresnel principle, according to which the initial wave interacting with each target center becomes a source of the secondary spherical scattered waves. Therefore, beyond the target there is a system of spherical waves diverging from each of the centers (see Fig. 1a in paper [12] ), rather than a single spherical wave as proposed in the method [1] . It is known that the interference of the spherical waves emitted by the spatially separated sources creates a diffraction pattern whose properties depend periodically on the ratio of the inter-nuclear distance to the electron wavelength. If we assume, as is done in [1] , that beyond the system of the scattering centers there is a single spherical wave, then the phenomenon of electron diffraction by molecules as the interference of a few spherical waves becomes impossible. Departure from the Huygens-Fresnel picture of scattering is equivalent, per se, to replacement of diffraction by a system of non-overlapping potentials with electron wave diffraction by a single molecular sphere. Therefore it is difficult to accept that the SSW assumption in [1] can be the basis for the correct description of molecular continuum wave functions.
According to paper [20] , in the problem of electron scattering by a cluster of non-overlapping atomic potentials, the wave function corresponding to the Huygens-Fresnel picture of scattering can be represented as a plane wave and a linear combination of the Green functions and the derivatives of these functions. Beyond the atomic spheres the so-written continuum wave function is the accurate solution of the wave equation. The boundary conditions imposed on this function at the centers of the atomic potentials, result in a system of inhomogeneous algebraic equations. Their solution defines the coefficients of the linear combination and the amplitude of electron scattering by a target. Thus, in [20] (see also review [21] and references therein) it was shown that if one knows the elastic scattering phases for each of the spherical potentials forming the target and the target geometry, then the amplitude of elastic scattering can be written in closed form rather than in the form of partial-wave expansion [1] .
Note that in nuclear physics a similar method was used by Brueckner [18] for consideration of multiple scattering by two center targets where the wave function of meson scattering by a deuteron was constructed as a plane wave and combination of the Green functions (s-spherical waves) and its gradient (p-spherical waves). There it was shown that the consideration of the spherical p-type wave leads to significant corrections in the scattering cross section as compared to the result of s-scattering calculation. In paper [20] a systematic method of building the continuum wave function with s, p, d… etc orbital angular momentum of spherical waves was described.
In the present paper we demonstrate a general methodology based on the equations of paper [20] for the calculation of cross sections for elastic scattering of slow electrons by molecular C 2 and H 2 within the framework of the model of two non-overlapping atomic spheres. In Sections 2-4 the general formulas for the electron elastic scattering amplitudes are derived. They are used in Section 5 for the numerical calculations of the differential and total cross sections: for the molecules fixed-in-space and randomly oriented molecules in space. In Section 6 the S-matrix method for non-spherical targets is briefly discussed. Section 7 presents the Conclusions. The Appendix A contains some intricate computations. Atomic units are used throughout the paper.
General formulas for elastic electron scattering by two non-overlapping atomic potentials
Let us consider the elastic scattering of a slow electron by two identical non-overlapping spherically symmetric atomic potentials with the centers at points 2 / R r ± = . We represent the phases of electron elastic scattering by
off an isolated atomic potential (k is the electron wave vector). Following the ideas developed in [20] , we represent the wave function of electron scattering by a target beyond the range of atomic potentials d in the form of a sum of a plane wave and two sets of s-, p-, d-… spherical lm-waves with the centers at points 2 / R r ± = (see Eq. 12 in [20] )
Here the vectors
where ϑ and ϕ are the spherical angles of the vector ρ . The radial parts of the spherical waves in Eq. (1) are defined in the usual way [22] 
As shown in [20] , the spherical lm-waves in Eq. (1) can be obtained through the operation of the differential operators ± lm B on the free-particle Green function. The explicit form of these operators is given in the Appendix of [20] and in Appendix A of this paper. With their help the wave function, Eq. (1), can be rewritten as
The coefficients ± lm D in Eqs. (1) and (3) defining the amplitudes of spherical waves emitted by the centers are calculated from the boundary conditions imposed on the function (1) at the centers of atomic spheres. The number of the spherical lm-waves in this wave function is formally equal to infinity. However, the partial wave expansion for slow electron converges rapidly so that the summation usually takes into account only the first few spherical waves with orbital angular momentum max 0 l l ≤ ≤ . Each value of the orbital angular momentum l corresponds to 2l+1 spherical waves, each with different magnetic quantum number m. Therefore the number of lm-waves emitted from the first center is equal to . A system of the equations for these coefficients has the following form (see Eqs. (24) and (25) in [20] )
where
is the partial wave amplitude of electron scattering by the single atomic potential;
is the spherical Bessel function of the third kind [23, 24] . The right side 
Note that when the l-th phase shift generated by the atomic potentials goes to zero,
, the coefficients at the correspondent spherical waves 
This equation is the desired solution of the problem of finding the scattering amplitude for a two-center target in closed form (rather than in the form of partial-wave expansion) for any orbital angular momentum of the scattered particle from each center.
3. The case of s-wave electron scattering by atomic potential
If we apply the general formulas to the case of s-wave electron scattering by each of the atomic potentials and put l max =0 in Eqs. (4) and (5) 
where the following designations are used [20] 
Here
is the s-wave phase shift of the electron wave function for scattering by a single atomic potential;
is the partial amplitude of elastic scattering by this potential. The amplitude of the slow electron multiple scattering by the target is defined from the Eq. (7) by the following expression [20] 
4. The case of s-and p-waves electron scattering by atomic potential
If the first two atomic phase shifts
are taken into consideration (l max =1), then the wave function for electron scattering by the target Eq. (3) is represented as a sum of a plane wave and two s-and six p-spherical waves with the centers at 2 / R r ± = . Then the number of equations, from Eqs. (4) and (5), defining the unknown coefficients 
Here ± lm S are the right hand sides of Eqs. (4) and (5). The zero elements of the determinant 8 are connected with the absence of scattering processes of particle waves by the center that generates the given wave. Different from zero, the coefficients ij a at unknown 
We now demonstrate the use of the above formulas in calculating the cross sections for slow electron scattering by the molecules C 2 and H 2 . The numerical solution of equations (12) reduces to the transformation of the appropriate determinants into a triangular form.
umerical calculations

Differential cross sections
In further calculations we assume that the inter-atomic distances R in molecules H 2 and C 2 are as follows: R H =1.401 and R C =2.479 atomic units (au) [25] , respectively. The s-and p-phase shifts of electron elastic scattering by a single H atom were taken from [14] . The triplet and singlet phase shifts [14] are excellently described by the following expressions: In all the calculations of the scattering amplitudes Eqs. (7) and (10) we assume that the wave vector k of the incident electron wave coincides with the Z-axis. So, in the spherical functions
(see the functions ± lm S ) the polar and azimuthal angles of the vector k are both equal to zero.
Let us first consider the differential cross section when the vector R (the axis of molecule C 2 ) with the spherical coordinates (R, θ R , φ R ) is perpendicular to the vector k. The calculated differential cross section for electron elastic scattering by a molecule C 2 is given by
For different electron energies 2 / 2 k = ε the differential cross sections are presented in Fig. 1 . In the calculation of the amplitudes (7) and (10) it was assumed that the electron wave vector after scattering is in the same plane with the vectors k and R (θ R =90 o , φ R =0 o ). The molecular atoms are depicted schematically in the figures by solid circles (see upper left panel). The length of the vector Q is the differential cross section (13) in the given direction. In this set of figures we can study how the angular distribution of the scattered electron is transformed when its momentum k changes within the range 0.4-0.85 au. With increase in electron energy the spectrum of the angular distribution in the considered plane changes from almost a circular form (for k=0.4 au) to a two-leafs one (for k=0.85 au). If in calculations only the s-phase shift ) ( 0 k δ is taken into account, then only the first two equations in (12) remain and the scattering amplitude is defined by formula (10) . Since R k ⊥ the scattering amplitude (10) reduces to the form
In this case, according to (14) the differential cross section (13) is symmetrical relative to forward/back scattering. Therefore, the dashed curves in Fig. 1 are symmetrical relative to the X-axis. However, the inclusion of s-and p-phase shifts ) ( 0 k δ and ) ( 1 k δ in Eq. (7) leads to the violation of this symmetry. The forward cross section (along the direction of the incident wave vector k) represented by the solid curves in Fig. 1 , is larger than the back-scattering cross section. Fig. 2 represents the study of the evolution of the scattering spectra when the angle between the vectors k and R changes; as before, the electron wave vector after scattering k' is in the same plane as with these vectors (k=0.8 au). As in Fig. 1 , the C atoms of the molecule are depicted schematically by the solid circles. For the angle θ R =90 о the spectrum on the lower right panel corresponding to θ R =75 о is reduced to that on the lower left panel in Fig. 1 . Since the scalar product of the vectors k and R in (10) in this case is not equal to zero, the dashed curves (that corresponds to s-scattering by the C-atoms only) stop being mirror-symmetrical relative to the X-axis.
The azimuthal-dependence of the spectra is presented in Fig. 3 . Here the vectors k and k' as before are located in the plane of the page (k=0.85 au) but the vector R is not in this plane. Fig. 3 , with the increase in azimuthal angle φ R the spectrum loses its "waist" along the X-axis and in the case φ R =90 o (lower right panel) the dashed curve transforms to a circle as follows from Eq. (14), where owing to the orthogonality of the vectors k' and R, the cosine in Eq. (14) becomes equal to unity.
Total cross sections
The total scattering cross sections are obtained from the amplitudes (7) and (10) with the help of the optical theorem [22] 
We introduce the vectors k and R in the argument of the cross section (15) to underscore that we are dealing with the fixed-in-space molecule. In the case of the amplitude (10) we have the following compact formula for the cross section
For the case of the amplitude (7) the total cross section is described by the following expression
The total cross section (16) averaged over all the directions of the incident electron momentum k relative to the vector R has the form:
is the spherical Bessel function [23] . Using the explicit expressions (9) for the functions a and b, we obtain the following formula for the averaged cross section 
where the wave vector )
The total cross section (19) contains the term kR kR / sin characteristic of diffraction phenomena. Its appearance in this case is connected with the interference of two s-waves in the continuum wave function (1). Fig. 4 is a vivid illustration of the diffraction character of electron wave scattering by H 2 and C 2 molecules. The two upper sets of curves in this figure correspond to electron s-wave scattering by H and C atomic spheres of the corresponding molecules. The first maximum on the C 2 curves corresponds to the wave vector 6 . 0 ≈ k . The maximum of the H 2 curves is located at 2 . 1 ≈ k ; this is because the inter-atomic distance in the C 2 molecule is almost two-times greater than that in the H 2 molecule. That is, the Huygens-Fresnel diffraction by two-atomic molecules is defined by the product kR where R is the inter-atomic distance rather than the product kR m where R m is the radius of the molecular sphere as in the methodology [1] . The middle set of curves in Fig. 4 corresponds to the interference of eight spherical waves of s-and p-types generated by two hydrogen atoms of H 2 molecule. Here we also observe the diffraction pattern, but the alternation between maxima and minima in these curves is not so clearly associated with the ratio of electron wavelength to inter-atomic distance in the molecule.
In Fig. 5 the results of our calculations for randomly oriented molecule H 2 are given together with some theoretical and experimental data. Dashed red line is our result when only the s-phase scattering is taken into account. The solid blue line is the result when the s+p phases are taken into account in the calculation. The discrepancy between our results and experiments for very low electron energies might be, at least in part, due to our neglect of multi-electron correlations. They should have the effect of additional attractive contributions to the electron molecule interaction and could be sufficient for the total cross section to decrease at very low electron energies. In general, the calculated curves are lower than experimental ones, which is possibly associated with insufficient taking into consideration s+p phase shifts only. It can be expected that the inclusion in calculations the phase shifts with higher orbital moments will result in increasing the integral cross section of elastic scattering. 
Method of partial waves for non-spherical targets
The general formulas used above are naturally generalized for the case of an arbitrary cluster of atomic spheres. With these formulas it is possible to obtain the scattering amplitude in a closed form rather than in the form of amplitude expansion in spherical partial waves, as assumed in the method [1] . There the solution of the problem of electron scattering by a spherically non-symmetrical potential was reduced without any justification to the usual method of partial waves for a spherical target. Consequently, a natural question arises: Is it possible to adapt the method of partial waves to the case of non-spherical targets while keeping the Huygens-Fresnel picture of the scattering process? Demkov and Rudakov [32] provided a positive answer to this question by showing that the S-matrix method could be applied to nonspherical potentials as well. We first describe briefly the main ideas of paper [32] . It is known that the wave function for elastic scattering of a particle by a single spherically symmetrical potential is determined by the expression [22] 
where the radial part of the wave function has the asymptotic form 
Following the ideas of the method [1] the molecular continuum wave function is represented in this form beyond the molecular sphere (see for example Eq.(3) in [33] ). A molecular potential as a cluster of non-overlapping spherical potentials centered at the atomic sites is a non-spherical potential. However, in the Schrödinger equation with this potential it is impossible to separate the angular variables and represent the wave function at an arbitrary point of space in the form of an expansion in spherical functions (20) . Nevertheless, asymptotically at great distances from the molecule the wave function can be written as an expansion in a set of other orthonormal functions
with the radial part of the wave function similar to (21) 
Here the index λ enumerates the different partial functions similar to the quantum numbers l and m for the central field; λ ω is the quantum number that is equal to the orbital angular momentum l for the spherical , create an orthonormal system according to:
The scattering amplitude for a non-spherical target, according to [32] , is given by the following expression
The total elastic scattering cross section, i.e. the cross section integrated over all directions of the momentum of the scattered electron k', is then defined by the formula
Of course, this cross section depends on the orientation of the incident electron momentum k with respect to the molecule axes. The cross section averaged over all the directions of the incident electron momentum k is connected with the molecular phases
through the following formula
In the case of a spherically symmetrical target the formula (27) exactly coincides with the well-known formula for the total scattering cross section. Indeed, in the case of the central field the index λ is replaced by the quantum numbers l and m. But the phase of scattering by the central field is independent of the magnetic quantum number and therefore for a given value of the orbital angular momentum l, it is necessary to sum over all m. This results in the factor (2l+1) under the summation sign in formula (27) . The partial wave (23) and molecular phases
are classified, according to [32] , by their behavior for low-energy electrons, i.e. for 0 → k . In this limit the particle wavelength is great as compared with the target size and the function can be calculated explicitly. This simplest multicenter system is a good example for illustrating the method of partial waves for non-spherical targets formed by two non-overlapping atomic potentials. The scattering amplitude (10) that exactly corresponds to the Huygens-Fresnel picture is written in the form
According to [32] , the amplitude (28) should be considered as a sum of two partial amplitudes. The first of them is written as
The second is defined by the following expression
The reasons for assigning the indices to the functions
will become understandable as we proceed. After elementary transformations of the formulas (29) and (30), we obtain two molecular phases of scattering (the proper phases in [32] 
Substituting the phase shifts (31) into formulas (29) and (30), we obtain the functions 
It is easy to ensure that the functions (32) obey the conditions (24) . Evidently, the functions (32) are defined by the geometrical target structure, i.e. by the direction of the molecular axis R in the arbitrary coordinate system in which the electron momentum vectors before and after scattering are k and k' , respectively.
We now study the asymptotical behavior of the wave functions (22) and (23) . Toward this end we write the exponent ) exp( r k ⋅ i in the formula (1) as an expansion in the functions
Multiplying both sides of this equality by )
and integrating over all angles of the vector k, we obtain the following expressions for the coefficients of the expansion (33):
At large distances from the target the expansion coefficients in equations (34) 
Consider now the asymptotic behavior of the partial wave with the index 0 = λ . Taking into account the formulas (1), (29), (33) and (35), we write the corresponding partial wave from formula (22) in the form
From equation ( 
The molecular phases
in (37) and (38) can be classified by considering their behavior as 0 → k [32] . In this limit the electron wavelength is much greater than the target size and the picture of scattering should approach the spherical symmetry one. Consider this limit transition in the formulas (31); we obtain:
. Thus, the molecular phases behave similar to the s-and p-phases in the spherically symmetrical potential, which explains the choice of their indices. The transition to the limit 
Here ϑ is the angle between the vector k and axis R.
Finally, substituting the molecular phases (31) in the formula (27) , we obtain the following cross section for elastic scattering [32, 34] 
The same result was obtained in equation (19) , with the help of the optical theorem. Developed in [32] , the theory of partial waves for non-spherical targets separates in a natural way the kinematics of the scattering process (relative orientation of the vectors k, k' and R in the characteristic scattering amplitudes
) from the phases of the radial parts of the wave functions (22) . The molecular phases
in (31) depend only on the electron kinetic energy. If one assumes according to the ideas of the method [1] that beyond the molecular sphere the continuum wave function has the form (20) then one comes to the conclusion that the scattering phases in the radial parts of the wave function (23) are the functions of the vector R. Indeed, the scattering amplitude (10) corresponding to the function (21) has the form of the amplitude of scattering by a spherically symmetrical potential [22] 
The function on the left side of Eq. (41) is a function of three vectors k, k' and R. The spherical functions in (41) cannot depend on the R vector. Hence, the R-dependence is inside the molecular phase shifts l η .
Evidently, this physically impossible result is a consequence of the SSW-approach and refusal of the Huygens-Fresnel picture for the molecular continuum wave function. The possibility of calculating the functions
in explicit forms is connected with the representation of the scattering amplitude (10) in closed form for MTP targets. When the scattering amplitude is known the cross sections can be found with the help of the optical theorem, and therefore it is unnecessary to resort to the method of partial waves. However, for arbitrary non-spherical potentials (different from the muffin-tin-potential) the application of the partial wave method [32] makes it possible to separate explicitly the scattering dynamics contained in the molecular phases
from the kinematics of the process defined by the functions
Conclusions
The multiple scattering of slow electron has been evaluated in the case of two identical atoms representing a simple example of 8 spherical waves in elastic scattering. The calculated spectra of the angular distribution of elastically scattered electrons for a fixed-in-space target are significantly transformed when besides the interference of the two s-spherical waves the six spherical waves of p-type begin to play a role. The mirror-symmetry of the s-spectra relative to the X-axis in Fig. 1 disappears when the p-spherical waves are taken into account in the scattering process. With the increase in electron energy a "slender waist" appears in the differential cross sections and the spectrum of the angular distribution acquires a twoleaf form. A strong dependence of the spectrum on polar angle appearing between the vectors k and R (Fig. 2) has been established. The s-and s+p-spectra follow the vector R, significantly decreasing in amplitude. Of great interest is the evolution of the scattering spectra for molecular axis rotation relative to the direction of the incident electron wave vector for fixed polar angle and azimuthal dependence (Fig. 3) as well as that of the total cross section of electron scattering of fixed-in-space and randomly oriented molecules H 2 and C 2 (Figs. 4 and 5) .
Summarizing the results obtained with the S-matrix method [32] for MTP-targets (Section 6), we come to the following conclusion. For the two atomic targets the molecular phases of scattering and the functions only. The number of non-zero molecular phases in the case considered is equal to two. This is connected with the fact that each of the two scattering centers is a source of s-spherical waves only, which is valid for the case of low-energy electrons. If the scattering by each of these centers would be accompanied by the generation of spherical waves with non-zero orbital angular momentum l, then the number of non-zero molecular phases 
For the calculation of the functions λµ a resulting from the action of operators ± lm B on a product of the functions in the square brackets in Eqs. (4) and (5) the following formulas are used: 
The results of operating by the cyclical components of the operator Similarly, the atoms are also on the other panels, i.e. the vector R connecting the molecular atoms is perpendicular to the vector k||Z. Dashed black curves are the cross sections calculated with s-phase shift only; solid red curves are the results calculated with s+p-phase shifts. 
